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Abstract In this paper, we derive an existence result for generalized variational inequalities
associated with multivalued mappings on weakly compact sets under a continuity assump-
tion which is much weaker than the regular complete continuity. As an application, we
prove the existence of exceptional families of elements for such mappings on closed convex
cones in reflexive Banach spaces when the corresponding complementarity problems have no
solutions.
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1 Introduction

Throughout this paper, X denotes a normed space over R equipped with the norm || - ||. The
set of all continuous linear functionals from X into R is written by X*. For any given x € X
and y € X*, we shall write the value of y at x as (y, x).

Let 2X" denote the set of all subsets of X. A mapping 7 from a nonempty set Q2 C X into
2X" will be called a multivalued mapping from €2 into X*. The graph of T is defined by

Gr = {(x,y):x€Qandy € T(x)}.

The generalized variational inequality GVI(T, ) associated with a multivalued mapping
T from a closed convex set  C X into X* is the problem to find a pair (x, ) € Gr such
that

(y, u—x)>0 forall ue Q.
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Such a pair (¥, ) will be called a solution of the problem GVI(T, €2). We shall say that
the problem GVI(T, 2) is solvable if the problem has a solution. When 7 (x) consists of a
single element of X* for every x € X, the mapping 7 is called single valued, and in this
case, the problem GVI(7, 2) becomes the variational inequality problem VI(T', €2).

If Qisaclosed convex conein X, then the corresponding generalized variational inequality
problem is usually called the multivalued complementarity problem, written by MCP(7', ).
It is well-known that a pair (X, y) € Gr is a solution of the problem MCP(T, ) if and only
if y € Q* and (y, x) = 0, where

Q* = {yeX*:(y, x) >0forall x € Q}

is the dual cone of 2. When T is single valued, the problem MCP(T, Q) is usually called
the nonlinear complementarity problem NCP(7', ).

In last decade, the multivalued complementarity problem was studied by several authors
via the notion of exceptional families of elements (EFE for short); see [1-6] and references
there in. For a survey along this direction, see [7,8].

For given a multivalued mapping T from a closed convex cone Q2 C X into X*, a family
of elements {x, : r > 0} in Q2 is called an EFE for (7, ) if the following conditions are
satisfied :

(D rl_ipgo [lxr || = oo.
(2) Forevery r > 0, there exista y, € T(x,), az, € J(x,) and a real number 7. > 0 such

thatt,z, + y, € Q" and (t,z, + yr, x-) = 0, where J denotes the normalized duality
mapping on X defined by

J) = {y e X*: |yl =llxlland (y, x) = [|Ix||*} for x € X.

For every r > 0, let Q, = {x € Q : |[x|| < r}. It follows from [2, Theorem 3.1] that, in
a Banach space X, if the problem MCP(T, €2) has no solutions, and if for every r > 0 the
problem GVI(T, €2,) has a solution (x,, y,), then {x, : r > 0} is an EFE for (7, €2). When
X is reflexive, €2, are weakly compact. This motivates the consideration of this work.

Most existence results in articles for generalized variational inequalities associated with
mappings defined on weakly compact and convex sets are established under some generalized
monotonicity assumption. It was claimed in [2] that, without monotonicity assumption, the
regular complete continuity is the weakest continuity assumption used so far in the literature
for dealing with such problems, cf. [2, Lemma 4.1]. See Sect. 2 for the definition of regular
complete continuity. The purpose of this paper is to study the solvability of the problem
GVI(T, ) for any given multivalued mapping T from a convex and weakly compact subset
Q of X into X* with some continuity assumption that is weaker than the regular complete
continuity.

To weaken the regular complete continuity, in Sect. 2, we first introduce a continuity
assumption which is slightly weaker than the regular complete continuity, called the (HD)
condition. Some equivalent statements of the (HD) condition are given in Theorem 2.2. By
relaxing the (HD) condition further, we obtain a much weaker continuity assumption, called
the (WSC) condition.

In Sect. 3, we derive an existence result for generalized variational inequalities associ-
ated with mappings satisfying the (WSC) condition on weakly compact subsets of X. With
this result, we prove that if a mapping on a closed convex cone in a reflexive Banach space
satisfies the (WSC) condition, then either the corresponding complementarity problem has
a solution or there is an EFE for the mapping. By modifying the (WSC) condition slightly,
some more existence results are derived.
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2 The (WSC) condition

This section is used to introduce some conditions that are weaker than the regular complete
continuity. To proceed, we need some notations. We use X for the space X* equipped with
the norm topology, and X for the space X* equipped with the weak-star topology.

For given a sequence {x,}>°_ | in X, we write x, —> x € X when {x,,}°_ | converges to

x in norm, and write x, —> x when {x,,};°_ | converges weakly to x. For given a sequence
{ya}°_ ; in X*, we write y, —> y € X* when {y,}°°_ | is convergent to y in X}, and write

Vn = y when {y, }>°_ | converges to y in X}.
A multivalued mapping 7' from a nonempty convex set 2 C X into X™* is regular com-
pletely upper semicontinuous [2] if the following conditions are satisfied.

(R1) T maps every bounded subset of 2 into a relatively compact subset of X .
(R2) If {(xn, yu)}°_ | is a sequence in G with x, 2 x e Qand yn —> y € X*, then
y e T(x).
A single valued mapping T : @ —> X* is regular completely continuous if the multi-
valued mapping x — {7 (x)} is regular completely upper semicontinuous. In this case, the
condition (R2) becomes :

’ o0 . . w
n = ’ n ’ n .
(R2)" For any sequence {x,};°_ | in Q,if x, — x € Q, then T'(x,,) —> T (x)

To weaken the regular complete continuity, we start with the following necessary condition
for multivalued mappings being regular completely upper semicontinuous.

Theorem 2.1 Let T be a multivalued mapping from a nonempty convex subset Q2 of X into
X*. If T is regular completely upper semicontinuous, then T maps every weakly compact
subset of Q onto a compact subset of X}. Consequently, T (x) is compact in X}, for every
x € Q.

Proof Let E be any weakly compact subset of €2, and we prove that T (E) is sequentially
compact in X . Consider any sequence {y,}°_ ; in T (E). For every n, let x, € E be such

that y, € T (xp,). It follows from Eberlein-Smulian Theorem [10, 2.8.6, p. 248] that {x,, }*°

has a subsequence weakly convergent to some point x € E. Replacing {x,};°_ bynthié
subsequence, we assume that x, 5 x. Since T(E) is relatively compact in X7, there is a
subsequence {y,m };°_ | of {y};°_ | such that y,) —> y € X*. Now, the condition (R2)
implies y € T(x) C T(E). The proof is complete. O

A multivalued mapping 7 from a nonempty set 2 C X into X™* is said to have compact
values in X} (resp. in X7) if 7'(x) is compact in X}, (resp. in X}) for every x € Q.

In view of Theorem 2.1, we first slightly weaken the regular complete continuity by
considering multivalued mappings which map weakly compact sets onto compact sets of
Xj. Such multivalued mappings satisfying the condition (R2) can be characterized by the
distances from points of T (x,) to that of 7' (x). For describing the characterization, we write

3(A, B) = supl{dist(a, B) :a € A}
for any nonempty subsets A and B of X, where
dist(a, B) = inf{lla —b| : b € B}.

If A is a compact subset of X, then 6(A, B) = dist(a, B) for some a € A. Note that, when
A and B are compact subsets of X, the number max{3(A, B), §(B, A)} is the Hausdorff
distance between A and B.
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Theorem 2.2 Let T be a multivalued mapping from a nonempty convex subset Q of X into
X*.If T has compact values in X};, then the following statements are equivalent.

(1) T satisfies the condition (R2) and maps every weakly compact subset of Q2 onto a
compact subset of X.
(ii) T satisfies the (HD) condition : If {x,}°_ | is a sequence in Q with x, xeq,
then lim inf 8 (T (x,), T(x)) = O.
n— oo

(i) If {x,};°_ | is a sequence in Q with x, 2 xeQ and if yn € T (xn), then {y,}>°_ |

has a subsequence {ypu)};°_ | such that y,y —> y for some y € T (x).

Proof First, we prove that T satisfies the (HD) condition if and only if it satisfies the condi-

tion (iii). Let {x,}5°_ | be an arbitrary sequence in Q with x,, = x € Q. For every integer

n > 0, let w, € T(x,) be such that
dist(wy,, T(x)) = 8(T (x,), T(x)).

If T satisfies the condition (iii), then {w,}7°_ | has a subsequence {w,)}>°_ | convergent

in X} to some point of 7'(x). This implies that
lim dist(wpp), T(x)) = 0 and liminf §(7T (x,), T(x)) = 0.
n — oo n — o0

Conversely, assume that 7 satisfies the (HD) condition, and consider any y,, € T (x,) forevery
n. Since dist(y,, T(x)) < dist(w,, T (x)), there is a subsequence {y,u)}5°_ | of {yu}o_
such that

. liﬁmOo dist(ypny, T(x)) = 0.
For every n, let z,, € T (x) be such that

dist(yn, T(x)) = llyn — zall-

By the compactness of T(x) in X}, {z,m)}_ | has a subsequence {z,(,)};°_ ; such that
Zgmy —> ¥ € T (x). This implies that ||y, — yIl —> 0.

Next, we prove that 7 satisfies the (HD) condition if the statement (i) holds. For any given
weakly convergent sequence {x,}>°_, in © with the limit x € , the set E consisting of
all x,, together with x is clearly a weakly compact subset of 2. For every integer n > 0,
let w, € T(x,) be given as above. Since 7 (E) is a compact subset of XZ, {w,}7°_ | has
a subsequence {w ) },°_ ; such that w,) —> y € X*. Now, the condition (R2) yields

y € T'(x) and dist(wp(,), T (x)) —> 0. Therefore,
liminf §(7T (x,), T(x)) = 0.
n— oo

Finally, we prove that the statement (i) holds if 7" satisfies the (HD) condition. Let E be
a nonempty weakly compact subset of Q. Let {y,} °_ ; be any sequence in 7'(E), and let
X, € E be such that y, € T(x,) for every integer n > 0. By Eberlein-Smulian Theorem,

{xn}2°_ | has a subsequence {x,(u)}>_ ; such that x,,) -, x € E. It now follows from
(iii) that {y,};°_ | has a subsequence converging in X}, to some point of T (x) C T (E). This
proves that T'(E) is compact in X}.

To prove that T satisfies the (R2) condition, let {x,}7°_ | be any weakly convergent
sequence in © with the limit x € 2, and let y, € T (x;) be such that y, —> y € X*. Since

dist(y,, T(x)) <6(T(xy), T(x)) foreveryn,
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there is a subsequence {y,()}oo_ | of {y,};°_ | such that

. li)mOO dist(ypmy, T'(x)) = 0.
For every n > 0, let z,, € T (x) be such that

dist(yn, T(x)) = llyn — zall-

The compactness of T'(x) in X} implies that {z )} °_ | has a subsequence {z4(n)};°_ | such

that z4(;) —> z € T(x). Thus, ||y4) —zll — Oand y =z € T (x). ]

Remark 2.1 A multivalued mapping may not have compact values in X} when it satisfies
the (HD) condition. For an example, consider any constant multivalued mapping 7' from €2
into X* with its value a non-compact subset of Xj.

As before, a single valued mapping 7' : & —> X™ is said to satisfy the (HD) condition if
the multivalued mapping x —— {7 (x)} does, i.e., for any sequence {x,}7°_ | in £,

Xp —> x € Q = liminf |T (x,) — T(x)| = 0.
n— oo

As an immediate consequence of Theorem 2.2, we conclude that a single valued mapping
T : Q — X* satisfies the (HD) condition if and only if 7 maps every weakly compact
subset of €2 onto a compact subset of X 1’; and satisfies the condition (R2)'.

Remark 2.2 A single valued mapping T :  —> X* may not satisfy the (HD) condition
when it maps every weakly compact subset of €2 onto a compact subset of X} . For an exam-
ple, choose any fixed y € X™* \ {0}, and consider the mapping 7 : X —> X* defined by
T(0) =0and T (x) = y whenever x # 0. Clearly, T maps every subset of X onto a compact
subset of X}. Now, choose any sequence {x,};°_ | in X \ {0} such that x, — 0. Then
liminf |7 (x,) — T O] = llyll > 0.

Theorem 2.2 says that a multivalued mapping satisfying the (HD) condition is almost reg-
ular completely upper semicontinuous. To get a weaker condition, we consider any mapping
T : Q —> 2% satisfying the (HD) condition, and assume that 7' has compact values in X 8

From Theorem 2.2 we conclude thatif {(x,,, y,)};°_ | isasequencein Gr with x, xe Q,
then there is a subsequence {y, () };°_ | of {y,}o°_ | such that y,,) —> y € T(x). Conse-
quently,

nlimw(yp(,,), u—xpm) = (y, u—x) forall ue Q.

This motivates the following consideration.

2.1 The (WSC) condition

A multivalued mapping 7' from a nonempty convex subset 2 of X into X* will be said to
satisfy the (WSC) condition if for any sequence {(x,, y,)}>°_ | in Gr with x, —> x € ,
there exists y € T (x) such that

liminf(y,, u — x,) <{(y, u —x) forall u e Q.
n— oo

We have proved that if T has compact values in X} and satisfies the (HD) condition then
T satisfies the (WSC) condition.
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A single valued mapping T : Q —> X™ satisfies the (WSC) condition if for any weakly
convergent sequence {x,}>°_ ; in Q with the weak limit x € €,

lim inf(7T (x,), u — x,) < (T(x), u —x) forall u e Q.
n — oo

Clearly, a single valued mapping satisfies the (WSC) condition if it satisfies the (HD) condi-
tion.

The following example shows that the (WSC) condition is realy weaker than the (HD)
condition.

Example 2.1 Let X denote an infinite dimensional Hilbert space equipped with the inner
product (-, -), and let e € X be an arbitrary unit vector. Let 7 : X —> X be the continuous
linear mapping defined by 7' (x) = x’ — Ae whenever x = x’ + Ae € X with A = (x, ¢). We
shall prove that the restriction of 7' to any nonempty convex set 2 C X satisfies the (WSC)
condition, but does not satisfy the (HD) condition whenever 2 has a nonempty interior.

Let {x,};°_ ; be any weakly convergent sequence in X with the weak limit x, and write

Xn = x), + Meandx = x’ + Le, where X, = (x,, ¢) and A = (x, e). Note that
lim A, = A, x,, 5 X and T (x,) —> T (x). For every n, we have
n — o0
(T (), = x) = (T(x), u) + Ay = lx, 1%
. . ,
Let {xpm};°_ | be any subsequence of {x,};°_ ; with . ll)mOO syl = 5. Then

s > liminf ||x; || > [|x/]
— 00
and
nli)InOO<T(xp(n))7u _xp(}’l)) = (T(_X), u) + )\2 _S2 < (T(-x)v u —X).
This implies that

1lirgi1;£(T(xn), u—x,) < (T(x), u—x).

Therefore, the restriction of 7' to any convex set Q2 C X satisfies the (WSC) condition.
Now, we assume that 2 has a nonempty interior. There exist » > 0 and xop € €2 such that

B ={xeX:|x—x <r}cCQ.

Note that 7' (B) is a closed ball in X with nonempty interior since 7' is a unitary linear operator
on X. Since B is weakly compact and T (B) is not compact, it follows from Theorem 2.2 that
T does not satisfy the (HD) condition.

The above example also shows that a mapping satisfying the (WSC) condition may not
map weakly compacts set into compact sets. By giving an example, we prove below that a
mapping may not satisfy the (WSC) condition when it maps every weakly compact set onto
a compact set.

Example 2.2 Let X and e be given in Example 2.1, and let

Q= +recX:(x',ey=0,reRandr > |x'||}.
Consider the mapping T : @ —> X defined by

TO) =0 and T(x' + te) = e whenever A > 0.
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It is clear that T maps every weakly compact subset of €2 onto a compact subset of X. For
every integer n > 0, let x, = A,e, where {A,}3°_ | is a sequence of positive numbers with

An —> 0. Clearly, x,, — 0.Foru = u’ + ae € Q\ {0},

llmm(T(xn), u—0) = (e,u) = a>0 = (TQO), u—-0).

n

This proves that 7' does not satisfy the (WSC) condition.

3 Existence results for GVI

The main work of this section is to prove the following theorem.

Theorem 3.1 Let T be a multivalued mapping from a nonempty weakly compact and convex
set Q C X into X*. Then the problem GVI(T, Q) has a solution if T has nonempty convex
and compact values in X¥, and T satisfies the (WSC) condition.

Theorem 3.1 generalizes [2, Lemma 4.1] in three folds.

(1) In Lemma 4.1 of [2], X is assumed to be a reflexive Banach space; while Theorem 3.1
holds for any normed space.

(2) The (WSC) condition is much weaker than regular complete continuity.

(3) Under the assumption of [2, Lemma 4.1], the image of the mapping in consideration
must be compact in X;; see Theorem 2.2. However, in Theorem 3.1, the compactness
assumption on the image is not needed; see Example 2.1.

To simplify notations, we first prove Theorem 3.1 for the case where 2 is compact.

Lemma 3.1 Let T be a multivalued mapping from a nonempty compact and convex set
Q C X into X*. Then the problem GVI(T, Q) has a solution if T has nonempty convex and
compact values in X, and T satisfies the (WSC) condition.

Proof The assertion follows from [9, Theorem 3.2] if for every u € €, the set
Sy = {xeQ:(y,u—x)>0forsomey e T(x)}

is closed. Note that every S, is nonempty. Let {x,}°°_ , be any sequence in S, such that

xp — x € Q, and let y, € T (x;,) be such that (y,, u — x,) > 0. The (WSC) condition
implies that there exists y € T (x) such that

(y, u —x) = liminf(y,, u —x,) > 0.
n— oo
The proof is complete. O

Proof of Theorem 3.1. Let F denote the family of all nonempty finite subsets of €2. It follows
from Lemma 3.1 that for every E € F,

Sg = {x € Q : there exists y € T (x) such that (y, u — x) > O forall u € co(E)} # 0.

where co(E) degotes the convex hull of E. Let Ez denote the weak closure of Sg. Observe
that the family {S z : E € F} has the finite intersection property. Since €2 is weakly compact,
we obtain

S= (Sp#0

EcF
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Choose any fixed X € S. For every E € F, we write E = EU({x}and
D = {yeT® :(y,u—7%)>0forallu € co(E)}.
We claim that

D = () Dg#0.

EcF

This claim will complete the proof. Indeed, if y € D, then
v, 1 —=0)x + tu—x)>0 foreveryu € Qandfor0 <t <1.

In particular, (y, u — X) > 0. This proves that (x, y) is a solution of GVI(T, ).
For the proof of the claim, we first prove that every Dp is closed in X . If {y,} is a net in

Dp with yy N y € X*, then foru € CO(E),
(ys u_/x\> = hm()’aa I/{_f) ZO
o

The compactness of T'(X) implies that y € T(x) and y € Dg.
Note that Dg, C Dg, whenever E1, E> € F with E; C E». BX the compactness of T (X),
the claim will follow if Dg # @ for every E € F. Since X € S %, the weak compactness

of §% implies that there is a sequence {x,}7>°_ | in S such that x, 5 % For every n, let
yn € T (xy,) be such that (y,, u — x,) > 0 for all u € co(E). The (WSC) condition implies
that there exists y € T'(X) such that for all u € co(E),

(v, u —X) = liminf(y,, u — x,) > 0.
n— oo
This proves that y € Dp. O

Corollary 3.1 Let Q2 be a nonempty weakly compact and convex subset of X. If a mapping
T : Q —> X* satisfies the (WSC) condition, then the problem VI(T, Q) has a solution.

Corollary 3.2 Let X be a reflexive Banach space, and let T be a multivalued mapping from
a closed convex cone Q C X into X*. Assume that T has nonempty convex and compact
values in X7, and T satisfies the (WSC) condition. Then either the problem MCP(T', 2) has
a solution, or there is an EFE for (T, Q).

Corollary 3.3 Let Q2 be a closed convex cone in a reflexive Banach space X. If a mapping
T : Q — X* satisfies the (WSC) condition, then either the problem NCP(T, Q) has a
solution, or there is an EFE for (T, 2).

By slightly modifying the (WSC) condition, we obtain another existence result as given
below. For any nonempty convex set 2 C X, let €2, denote the weak topology on 2.

Theorem 3.2 Let T be a multivalued mapping from a nonempty weakly compact and convex
set Q C X into X* with nonempty values. Then the problem GVI(T, 2) has a solution if the
following conditions are satisfied.

(i) T has closed and convex values in X}
(ii) T(R2) is a compact subset of X*.
(iii) Gr is closed in Q2,, x X}.

(v) If{(xn, yo)Io°_ | isasequence in Gr with x, 5 x € Q, thenlim inf(y,, x—x,) <O0.
n — oo
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Proof The conditions (i) and (ii) imply that 7 has compact values in X;. The assertion will
follow if T satisfies the (WSC) condition. Consider any sequence {(x,, yn)} °_ | in Gr with

Xp —> x € Q. With the condition (iv), { yn};,°_ | has a subsequence {y,)};°_ | such that

nli)moo(yp(n), X = Xpm)) = lr}n_l)igg(yn, x —x,) <0.

By the condition (ii), there is a subnet {yy} of {y,n)};°_ | such that y, =, y € T(2). The
condition (iii) yields y € T'(x). For every u € €,

(Yoo  —xg) =y, u —x) = (yo =y, 4 —X) + (Yo, X — Xa)

and
lnirgiggb’n» u—xp) = Lirgigo(yp(n), u _xp(n))
< liminf(yy, u — xg4)
o
= vu—x) + lim{ye, ¥ —xq)
= <Ya u—x) + nli)moo(yp(n)v X _xp(n))
< {(y,u—x)
This proves that T satisfies the (WSC) condition. O

Corollary 3.4 Let X be a reflexive Banach space, and let T be a multivalued mapping from
a closed convex cone Q C X into X*. Assume that the following conditions are satisfied.

(i) T has closed and convex values in X .
(ii) T maps every weakly compact subset of Q onto a compact subset of X}.
(iii) Gr is closed in 2,y x X7

(v) If{(xn, yu)},°_ | is a sequence in Gt with xy, 2xe Q, then lim inf (y,, x —x,) < 0.
n — o0

Then either the problem MCP(T, Q) has a solution, or there is an EFE for (T, Q).
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